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Fact

e Arobot can self-generate a smooth path if it knows:

— Initial pose
Revision: -
Path Generating - rnatpose
— Work-space
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Example

Vision-quided Parking
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Fact

e Arobot can perform a task in:
— Real environment

— Real-time
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Discussion

How to add time constraints to a path so that a robot can follow it
continuously?

TECHNOLOGICAL

@ l\IlANYANG

UNIVERSITY

http://www.ntu.edu.sg/home/mmxie

Concept of Trajectory
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Definition

¢ By definition, a series of positions with time constraints (e.g. time
instances, velocities, or accelerations) is called a trajectory.
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Representation

« Atrajectory is usually represented by the time functions of

coordinates (e.g. coordinates of positions, coordinate of angle).

NANYANG
TECHNOLOGICAL
2y UNIVERSITY 1

http://www.ntu.edu.sg/home/mmxie 9 http://www.ntu.edu.sg/home/mmxie 10
Example i i
Discussion
X(t)
* How to transform a path into a trajectory?
t (time)
Y(t)
t (time)
Z(t)
t (time)
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Equations of Trajectory

Fact

« All robotics applications are under time constraints in one way, or
another.
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Question Answer
Trajectory
« If arobot’'s hand moves from A to B by following a straight line, what Path f X(t) X o
. . . . - A g =TI,
should be the time function which describes the trajectory of the = +—=—2d(t)
robot's hand? y=ax+b y(t) Ya HAB”
*
M
Y i B MB
/ Travelled
B Distance
X > X
A \_ .
X
Linear displacement
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Question

e If arobot’'s hand moves from A to B by following a circular curve,
what should be the time function which describes the trajectory of
the robot’s hand?

Answer

Trajectory

Path / X)) I’COS(49(t))\

y(t)) \rsin(o(t))

2 2 2
X +y =r
Y Y
v ‘\ \ Rotated
AN
D A A
X X
A
X
\_ B -/ B
; \_ -
|
Angular displacement
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Definition Discussion
¢ The time functions of coordinates where a robot’s hand (or base) will * How to determine the time function of travelled distance or rotated
pass through are called Equations of trajectory. angle?
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Trapezoidal Velocity Profile

Question

¢ What is a one-dimensional motion?

NANYANG NANYANG
TECHNOLOGICAL TECHNOLOGICAL
2y UNIVERSITY 1 2% UNIVERSITY 1
http://www.ntu.edu.sg/home/mmxie 21 http://www.ntu.edu.sg/home/mmxie 22
Answer Question
e Itis a motion related to the change of a single coordinate. » Could we consider a travelled distance or rotated angle to be a
generalized coordinate?
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Answer

¢ Yes, we can name it as a generalized coordinate denoted by g(t).

Question

* What is the simplest generic motion of g(t) in one-dimension?
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Answer Example
¢ Itis the motion with constant acceleration! * Arobot moves its hand from A to B by following a straight line.
During the motion, the hand undergoes a motion with a constant
acceleration. What is the equation describing the travelled distance
by the robot’s hand?
z
kW f
B A
* *
T
X
NANYANG NANYANG
TECHNOLOGICAL TECHNOLOGICAL
2/ UNIVERSITY 1 73y UNIVERSITY 1
27 28

http://www.ntu.edu.sg/home/mmxie

http://www.ntu.edu.sg/home/mmxie




Example

Answer
Speed at time tis:
« Arobot moves its hand from A to B by following a circular curve.
z During the motion, the hand undergoes a motion with a constant
. ('[) _ '(t ) rat angular acceleration. What is the equation describing the rotated
9() =9({, g angle about the center of the circular curve by the robot’'s hand?
B A
Y Travelled distance at time t s : z
X
B A
. 1 ) % %
9(0) = 9(G)t+ = at ¥
X
EEER NANYANG FRE NANYANG
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Answer Discussion
Speed at timetis:
* Inthe previous two examples, will the robot’s hand stop at point B?
z
g(t) = 9(t,) +a,t
B A VA
Y Rotated angle at time tis: 5 A
X * *
Y
. 1, .
9(0) = 9(G)t+ = agt
EEER NANYANG FER NANYANG
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Question

¢ How to make a robot’s hand to stop at point B?

Z
=0
5 4
=

Answer

* We must design a motion profile consisting of three consecutive
motions of:
— 1. Constant acceleration
— 2. Constant speed
— 3. Constant deceleration
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Definition of Trapezoidal Velocity i
- Question
Profile
« A speed function which consists of constant acceleration, constant * What are the equations which describe a trapezoidal velocity
speed and constant deceleration is called a Trapezoidal Velocity profile?
Profile.
d d
—g(t —g(t
a9 a?®
t t
| henaans: B [N AN o
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Answer
| ax(t-t) ift <t<t,
ag(t): v, ift, <t<t,
; v, —ax(t-t,) ift, <t<t,
ag(t)

Question

* How many constraints or conditions are there for a trapezoidal
velocity profile to meet?

d
—o(t
it 90

t t
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Answer Constraint 1: End of acceleration
e Three! ’ ax(t-t,) ift <t<t Equation 1 alt —t)—v.
: at,—-t)=v
o ={v ift <t<t, L —t) =,
5 v, —ax(t—t,) ift, <t<t
—g() d
dt | as{(t)
t t
N/ ANG NA
9 bneers 9% tenney,
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Constraint 2: Start of deceleration

Equation 2

v, —a(t, -t,)=0

d
—g(t
90
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Constraint 3: Total displacement

Equation 3

f

. Travelled Distance or
jg (dt=D — Rotated Angle
&

ty t, t
L0 [adt+[g@at+ [g®at=D
dt : ! !

Vo

%a(tl_ti)z +V,(t, _t1)+%a(tz _tf)z =D

2% UNIVERSITY 1
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Question Answer
¢ What is the usage of the three constraints of a trapezoidal velocity * Three constraints allow to solve for three unknown parameters!
profile?
| henaans: B | N
2/ UNIVERSITY 1 73y UNIVERSITY 1
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Example 1: Desired cruise velocity

a(t1 _ti) =Vy

v, —a(t, —t,)=0

%a(tl_[i)z +V, (1, _[1)"‘%3([2 _[f)2 =D

Three equations

¥

Solve for three unknowns (a,t;,t, )

s BN
23/ UNIVERSITY 1
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Example 2: Shortest cycle time

a(tl _ti) =V,

v, —a(t, -t,)=0

%a(ﬁ _ti)2 +V, (1, _Il)"‘%a([z -t )’=D

Three equations

¢

Solve for three unknowns (v,,t;,t,)
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Discussion
¢ Could a robot plan trajectories of complex motions?
Case Studies
N B e
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Case 1: Trajectory of polylines

What should be the equations of trajectory,
if arobot moves the tool-tip to go through
a series of locations one by one?

X()
What should be the trajectory? —— PO= YE‘;
z(t
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Answer

* We divide the whole trajectory into
a series of segments.
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Answer (continued)

* We design an equation of trajectory for each segment.

Equation of trajectory j:

ptjﬂ_p‘tj ift<t<
T eg(t), ift,<t<t;,
pi®)= p‘lhl N p‘tj
0, otherwise

where g(t) is the traveled distance within [t t].
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Answer (continued)

* Finally, we can combine trajectories 0, 1, 2, ... together.

Given a sequence of N waypoints, the trajectory will be:

p(0=3 p,
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Example

¢ We use a robot arm with two links to carry a laser gun in order to a
cut a square. When the laser gun is turned on, the robot must move
the laser gun at a desired velocity. What should be the equations,
which describe the trajectories of the laser gun?
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Answer

e Input:

Xa Xp
= =B =
Pa(ta) [Ya] bitb) (be

Pditd) =();Z J“Pc(tc) = [;zj

Pa(te) :(Xaj
Ya

Desired velocity : v,
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Answer (continued)

e Equation of Trajectory from A to B:

P,(t)=P, + R-

= ;o0

0, if t=t,
g(t)z{”Pb—Pa, ift=t,

with the travelled distance g(t) to be:
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Answer (continued)

» Equation of Trajectory from B to C:

R (1) = P+P 190

Ly
I

0, ift=t,
t:
9O=V1p —p | ift=t

with the travelled distance g(t) to be:
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Answer (continued) Answer (continued)

¢ Equation of Trajectory from C to D: * Equation of Trajectory from D to A:

Py(t)=P,+ 0" P.(t)=P, + 12 1_gqt)

RIS

—F’||

with the travelled distance g(t) to be :

0 ift=t,
t) =
9O=11p _p| ift=t,

with the travelled distance g(t) to be:

0, ift=t,
g(t) = o
cl|? d

[P~

e B
% %
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Case 2: Trajectory of curves Answer
What will be the equations of trajectory, if a robot « We divide the whole trajectory into
moves the tool-tip to go through a series of locations a series of segments.

continuously ?

X(t) X(t)

z (1) = t

P, =| ¥ L

2(t) 2(t)
NANYANG NANYANG
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Answer (continued) Answer (continued)
¢ We choose an equation of trajectory for each segment. e Finally, we combine the trajectories 0, 1, 2, ..., together.
Curveof 3rd Order Polynormids (eg., Cubic Polynormid) - Given a sequence of N pass - points, the trajectory will be :
N-1
Y at +at? +atray, if t <ts<t,, p(t)= X p;(®)
P; ®= . j=0
0, otherwise
with
X
X(t) aOl all a21 a31
(t)— (t) Q=|8p || &= |, | =|8y| 83=|8yp
pj h y - a03 a13 a23 a33
z(t)
NANYANG (ANG
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Question Hint 1:
y Within the time interval [t;,t;.,]:
* How to determine the coefficients inside an equation of trajectory?
Curveof 3rd Order Polynormids (eg., CubicPolynormid) : p;(t) = ast +a,t? +at+a,
at’ +at’ +at+a,, if t;<t<t, dp : ()
p;(t) = pi(t)=——"=3a,t’ +2a,t+a
0, otherwise i dt 3 2 1
with
Continuity conditions at waypoint j:
3 2
Ao ay an a3 pj(tj) = p|t:tj = a‘SJ[J' + a2J[J' + alti +8
Q=8 | =8, |, = |8p | 878y
a . .
s & & %s p;(t;) = Pl =3ast] +2a,t; +a
NG NG
&% ohee @ 9% oy @
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Within the time interval [t;,t;,;]:

p;(t) =agt® +a,t’ +ajt +a,

dp;(t

<

Continuity conditions at waypoint j+1:

p (tj+1) p|t =t;, = a3t1+l + aztj2+1 + aitj+1 + aO

pj(t):

pj (tj+1) = p‘t:tm = 3a3tj2+1 + 2a2tj+1 +3,

Hint 3: System of equations

Continuity conditions at waypoint j:

3 2
p;(t;)= pL:tj = a5ty +a ) +at; +a,

4 sets of equations

{

) -
p (tJ+1) p|t . — a3t1+1 +a t1+1 + aitj+l +2, 4 vectors of coefficients

p;t;) = |i>|t:tj =3a,tl +2a,t; +a

Continuity conditions at waypoint j+1:

p;(t.)= p|l:tj =3a,t?, +2at;,, +a

NANYANG NANYANG
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Case 3: Trajectory of orientation Answer

« A coordinate system is assigned to the tool attached to a robot’s
hand. When the tool moves from time ts to time tf, what will be the
equation which describes the trajectory of the orientation of the tool?

g ml‘l\l\( )Illlw(\:]‘ A
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» First to determine the tool’s orientations at times ts and tf, with
respect to a common world coordinate system.

a; &, &3
WRtS =|8y 8p 8y N i . by, b, by
A3 83 8y "R, by b, by
—— by, b, by

Ts -> World
Tf -> World

(to continue ...)

% I$(| \(lll)l |( \1 aH
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Answer (continued)

« Step 2: To determine the tool’s orientation at time tf, with respect to
the tool’s orientation at time ts.

a A, aj b, b, by
Ro=|ay a, ay WRtf =|by b, by
a31 a32 a33 b3l b32 b33

Toovend]

Tf -> World

Tf->Ts = (Tf->World) followed by (World -> Ts)

NA! (to continue ...)

<f§, lllll\null]:](\:]} a“
@“/ UNIVERSITY 15
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Tf->Ts = (Tf-> World) followed by (World -> Ts)

tf—{R}°{Rt}—{R} {"R }
311 ay b11 b12 b13
=la, ay a-32 b21 bzz bzs
;3 Ay Ay b31 b32 b33

ISR

! »’f. |LII\UIDJI\II€; A
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Answer (continued)

e Step 3: To determine the equivalent axis of rotation and equivalent
angle of rotation.
Cll C12 C13
R=|Cy Cp Cy

C31 C32 C33

1 l

Equivalent Axis of Rotation : Equivalent Angle of Rotation :
i C3p —Cz3 Af = arCCOS(Cn +Cy +Cy3 *1)
Mit, =| €13~ Can 2
C21—Cpp

da;, nln\nu}L]l\lK\'JI a“
‘Q“/ UNIVERSITY 1%
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Answer (continued)

» Step 4: To design the equation of trajectory of the rotated angle.

Equation of trajectory for rotation angle :

0|t=tf N 9|t=ts

t=t, +
‘9 4|

with g(t) being the rotated angle at time t.

() =9 g()

t=t, t=t,

? |l(|l\uu’)‘ll(9 A
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Summary

¢ Revision: Path Generating

e Concept of Trajectory
Enjoy Your Study of Robotics

« Equations of Trajectory
» Trapezoidal Velocity Profile

* Case Studies
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